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Contractivity of Trace Distance

Formal statement

Let mathcal N:L(mathcal HA))— L(mathcal HB)) be a quantum channel,
meaning a completely positive trace-preserving linear map. For any two
density operators p and o on mathcal HA), the trace distance cannot increase
under mathcal N:

D(N(p), N (o)) < D(p,0),

where

D(p,0) = llo— ol
and

1X]; = TrvVXTX.
Equivalently,

IV (p) =N (@)l < llp = ollx.

This theorem is usually called the contractivity of trace distance, or the
data-processing inequality for trace distance. The phrase “data processing”
means that if two states are passed through the same physical process, their
distinguishability cannot increase.

A slightly more general statement is also true. Complete positivity is more
than is needed for this particular inequality. If ® is positive and trace
preserving, then

12(X)|x < [1X])2
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for every Hermitian traceless operator X. Since X=p-0 is Hermitian and
traceless, the trace-distance contraction follows. In quantum information,
however, we usually state the theorem for quantum channels because
completely positive trace-preserving maps are the physically valid
deterministic operations on systems that may be entangled with references.

Operational meaning

Trace distance has a direct meaning in state discrimination. If p and o are
given with equal prior probabilities, the Helstrom theorem says that the
optimal success probability for distinguishing them is

opt __
Psucc T

(L+ D(p,0)).

[

Thus D(p,0) measures the best possible distinguishing advantage over
random guessing.

The contractivity theorem says that applying the same quantum channel to
both possible states cannot make them easier to distinguish. Noise,
forgetting, coarse-graining, measurement without keeping all outcomes,
partial trace, and decoherence may erase information. They cannot create
new information about which state was originally prepared.

The clean mental image is this. Suppose Bob wants to distinguish p from o. If
the states first pass through a channel mathcal N, then Bob only sees mathcal
N(p) or mathcal N(0). Any measurement Bob performs after the channel
could have been simulated before the channel by pulling the measurement
backward through the channel. Therefore the best strategy after the channel
cannot outperform the best strategy before the channel.

Proof using the adjoint map

We prove the theorem in finite dimensions. Let
X=p—o.

Then X is Hermitian and traceless. The trace norm of a Hermitian operator
has the variational characterization

[ Xl = max Tr(HX),
_I<H<I
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where the maximum is over Hermitian operators H satisfying -I= H= L

Let mathcal N~ 1 denote the Hilbert-Schmidt adjoint of mathcal N, defined by
Tr[Y V(X)) = Tr[NT(Y) X]

for all operators X and Y of compatible dimensions. Since mathcal N is trace
preserving, its adjoint is unital:

Nt(Ig) = I4.
Since mathcal N is positive, its adjoint is also positive. Therefore, whenever
—Ips H < Ip,
we have
0<Igp+ H<L2Ip
and
0<Ip— H <L 2Ip.
Applying the positive unital map mathcal N~ 1, we get
0< I +NT(H)<2I,
and
0= Ii—NIH) < 21,4
Hence
—I4 < NT(H) < I4.

Now compute:
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WX = _, max = THHN(X)]

=  max TI'[N?(H)X] :
—Ip<H<Ip

But every operator mathcal N~ 1(H) appearing in this maximum is a valid test
operator in the variational formula for \|X\|1, because

—I4 < NU(H) < I4.
Therefore

NGOl < max  Tr(KX) = || X||.

—JA<K<Ia
Substituting X=p-o, we obtain
IN(p) =N (o)1 < llp = ol
Dividing by 2 gives
D(N(p),N(c)) < D(p,0).

This proves the theorem.

Proof using measurements

The same theorem has an even more operational proof. Let Bob perform a
POVM M)\ on the output system B. If the input was p, the outcome
distribution is

py = Te(M N (p)).
If the input was o, the outcome distribution is
gy = Te(M N (0)).

Using the adjoint channel,
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p, = Tr(NT(M,)p), g, = Tr(NT(M,)o).
Because mathcal Nt is positive and unital, the operators
ﬂu = N7 (M)

form a POVM on the input system:
M, 20, Y M,=NY"M,|=N(p)=1I
Y Y

Therefore every measurement after the channel is equivalent to some
measurement before the channel. Since the trace distance is the maximum
classical total variation distance over all measurements,

1
Dipa) = ﬁ%?)i - Z | Te (M, p) — Tr(M,0)

o

y

the best distinguishability after the channel cannot exceed the best
distinguishability before the channel.

This proof explains the theorem in one sentence: processing the states first
only restricts the measurements available later; it cannot give a
measurement advantage that was not already available before the
processing.

Example: unitary evolution preserves trace distance

Let
U(p) =UpUT
for a unitary U. Then
U(p) —U(o) =U(p—o)U".

The trace norm is invariant under unitary conjugation:
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IUXU|; = || X]];.
Therefore
DU(p),U(c)) = D(p,0).

This is the reversible case. A unitary channel does not lose information. If
two states were distinguishable before a unitary transformation, they are
equally distinguishable after it. The optimal measurement may rotate, but the
amount of distinguishability remains unchanged.

Example: complete dephasing can destroy
distinguishability

Consider the complete dephasing channel in the computational basis:
Az(p) = |0){0]p[0)O[ + [1) (L[ p[1)(1].
Now compare the two pure states

_ o) + 11 U

|+) /2 = VR

Before dephasing, these states are orthogonal, so

D(|+H){+], |-){-]) = 1.

After dephasing,

Az (4D = 5,
and

Az(-)-D = 5.
Thus
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D(Az(|+H)(+]), Az(|=)(=) = D(I/2,1/2) = 0.

This is the simplest operational picture of decoherence. The two states were
perfectly distinguishable because they differed by phase coherence. The
dephasing channel erased precisely that coherence, making them identical.

Example: partial trace removes information

Consider the two Bell states

|00) + [11)
— 3

|2T)ap =

and

_ 00y — [11)

|7 ) aB T

They are orthogonal, so globally
D(|2" @7, |27 ){27|) = L.
Now apply the channel that discards system B:
N(raB) = Trp(TaB).
Both reduced states on A are maximally mixed:

Trp (19 ) (@) = ¢

and

Trp(jeT) et =

B~

Therefore
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D(Trp |®T)(®F

,Tep |@7)(@7() =0.

The sign difference between the two Bell states is stored in a global
correlation. If we discard B, system A alone contains no information about
that sign. Contractivity says exactly that forgetting a subsystem cannot
improve distinguishability.

Example: depolarizing noise shrinks the Bloch vector

For a qubit, define the depolarizing channel
Dy(p) = (1—p)p+pé, D=p=1.
For any two qubit states p and o,
Dp(p) — Dplo) = (1 — p)(p— o).
Therefore

D(Dy(p), Dp(o)) = (L= p)D(p,0).

=)

This example shows a clean quantitative contraction. Depolarizing noise pulls
every state toward the center of the Bloch ball. Differences between states
shrink by the factor 1-p. When p=0, the channel is the identity and trace
distance is preserved. When p=1, all inputs become 1/2, and every pair of
outputs has trace distance zero.

Example: classical stochastic maps

The theorem also contains the classical statement that stochastic processing
cannot increase total variation distance. Suppose

p=Y pelaial, o= qlaal

T

are diagonal classical states. Their trace distance is the total variation
distance:
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1

A classical noisy channel is a stochastic matrix T(y|x). It maps

Pz pL — Z T(y‘m)p:ﬁ: qz q;, — Z T(y|J)QL
The quantum contractivity theorem reduces to

1 1
5 Z ‘pi; — QL‘ < 5 Z ‘p:f: — qx,‘
Y €T

So the quantum theorem is a noncommutative generalization of an ordinary
fact from classical probability: post-processing data cannot increase
statistical distinguishability.

Why equality sometimes holds and sometimes fails

Equality holds for reversible channels, such as unitary channels. It can also
hold for a particular pair of states under a nonunitary channel if the channel
preserves exactly the information needed to distinguish that pair. For
example, complete dephasing preserves the trace distance between
computational-basis states |0) and |1), because those states are already
diagonal in the dephasing basis.

But equality fails whenever the channel erases information relevant to
distinguishing the states. Dephasing erases phase information. Partial trace
erases correlations with discarded systems. Depolarizing noise shrinks all
Bloch-vector differences. In these cases, the trace distance strictly decreases.

This is why contractivity is not merely a mathematical inequality. It is a
statement about information flow. A decrease in trace distance means that
some information distinguishing the two alternatives has been lost to an
inaccessible system, randomized away, or coarse-grained.

Relation to the data-processing principle
The contractivity theorem is a special case of the broader data-processing

principle in quantum information theory. Many distinguishability measures
decrease under channels. Quantum relative entropy satisfies
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D(pllo) = DN (p)|N (o)),
and fidelity satisfies the opposite monotonicity direction,
F(N(p),N(0)) = F(p;0).

Trace distance follows the distinguishability convention: larger means easier
to distinguish, so it cannot increase under processing. Fidelity follows the
closeness convention: larger means closer, so it cannot decrease under
processing.

Together with the Fuchs-van de Graaf inequalities, these facts explain why
trace distance and fidelity are the two most widely used state-comparison
tools. Trace distance gives direct operational distinguishability. Fidelity gives
geometric overlap and purification-based closeness. Contractivity says that
physical processing respects both notions.

How to use the theorem

In practice, the theorem is often used to avoid calculations. If a complicated
operation mathcal N is applied to two states, one immediately has

D(N(p), N (o)) < D(p,0).
For example, if
D(p,0) < &,
then after any channel,
DN (p),N(0)) <e.

Thus trace-distance security, correctness, or approximation guarantees are
stable under all later quantum processing.

This is especially important in cryptography. If the real state and ideal state
are close in trace distance, then no adversary can make them more
distinguishable by applying a quantum operation. Any attack, measurement,
storage process, or post-processing map is itself a channel. Therefore the
trace-distance guarantee remains valid after the adversary acts.
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It is also crucial in error analysis. If two implementations prepare states
within trace distance g, then any subsequent circuit, measurement, or noise
process cannot increase that state-preparation error as measured by trace
distance.

Common mistakes

A common mistake is to think that a channel can make two states more
distinguishable by “amplifying” their difference. Deterministic quantum
channels cannot do this when both states pass through the same channel. A
physical process may make some features more visible, but it cannot increase
the optimal distinguishability beyond what was already present in the input
states.

A second mistake is to forget that the same channel must be applied to both
states. If two different operations are applied depending on which state was
prepared, then the theorem does not apply; that would already insert
information about the hypothesis into the dynamics.

A third mistake is to confuse trace distance with Hilbert-Schmidt distance.
The trace distance is contractive under quantum channels. The
Hilbert-Schmidt distance

lp = oll2

is not generally contractive under all quantum channels. This is one reason
trace distance, rather than Hilbert-Schmidt distance, has a privileged
operational role.

A fourth mistake is to think that contractivity means all channels strictly
reduce distinguishability. Unitary channels preserve trace distance exactly,
and nonunitary channels may preserve trace distance for special pairs of
states. The theorem says “cannot increase,” not “must decrease.”

Final mental image

Trace distance measures how distinguishable two states are by the best
possible measurement. A quantum channel is a physical processing step
applied equally to both states. Any measurement after the channel can be
simulated by a corresponding measurement before the channel. Therefore
the channel cannot improve the best possible discrimination strategy.

In one sentence:
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physical processing cannot create distinguishability between states.

Mathematically,
D(N(p),N(o)) < D(p,0).

Operationally, this is the statement that noise, forgetting, coarse-graining,
and open-system evolution cannot make two unknown quantum states easier
to tell apart when the same process acts on both.
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