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Monotonicity of Fidelity

Formal statement

Let p and o be density operators on a finite-dimensional Hilbert space
mathcal HA), and let

N : L(?’[A) — L(%B)

be a quantum channel, meaning a completely positive trace-preserving linear
map. Define the root fidelity by

Flp,0) = ||\/ﬁ\/5||1 = Tr/+/po+/p.
The monotonicity of fidelity says that
F(N(p),N(0)) = F(p,0).

Thus a quantum channel cannot decrease fidelity. Since fidelity is a closeness
measure, this means that applying the same physical process to two states
cannot make them less close.

Some authors define fidelity using the squared convention

2
F‘sq(p:g) - ”\/ﬁ\/g”l :
With that convention, the same theorem is written as
FLa(N(p), N(0)) > Fuqlps ).

The theorem is the fidelity-side companion of the contractivity of trace
distance. Trace distance measures distinguishability, so it cannot increase
under channels. Fidelity measures closeness, so it cannot decrease under
channels.

Operational meaning
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The theorem says that physical processing cannot make two quantum states
more distinguishable in the fidelity sense. A channel may add noise, discard a
subsystem, erase coherence, measure and forget outcomes, or couple the
system to an environment and then ignore that environment. All of these
operations can make two states harder to tell apart. None of them can create

a new separation between the states when the same operation is applied to
both.

The simplest mental image is this. Fidelity measures how well two states can
be aligned as purifications. If two states have purifications with overlap
F(p,o0), and we send the visible system through the same channel, then those
purifications can be sent through a Stinespring dilation of the channel. Their
overlap is unchanged at the larger system level. After discarding the
environment, Uhlmann's theorem says the output fidelity is at least that
overlap. Therefore the output states are at least as close as the input states.

In one sentence:
the same quantum processing can blur distinctions, but it cannot sharpen them.
Proof using Uhlmann's theorem and Stinespring dilation

We prove the theorem in finite dimensions. By Uhlmann's theorem,

F(p,0) = max |{¢,|9s)],

Wy}, I":'i'o' )

where the maximum is over purifications of p and ¢ on a sufficiently large
reference system.

Choose purifications

o) AR o) AR
that achieve this maximum, so that

[{plvo)| = F(p, 0).

Since mathcal N is a quantum channel, Stinespring dilation gives an
environment E and an isometry
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V:A— BE
such that
Niz) = TI”E(VTVT)

for every input state T. Now apply this isometry to the A part of the
purifications:

W, gEr = (V ® Ig)|¥,) AR,
and
V,)BEr = (V ® IR)|Ys) AR-

These are purifications of the output states mathcal N(p) and mathcal N(o),
because tracing out E R gives

Trer(|¥,)(¥,]) = N(p),
and

Trer(|¥e)(Yo|) = N(o).
Their overlap is

(U,|W,) = (4,|(VIV ® IR)
= WPI'#%):

Vo)

because V™1 V=IA). Therefore

(U,|¥,)| = F(p,o).
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But Uhlmann's theorem says that the fidelity between the output states is the
maximum overlap over all their purifications. The two purifications above are
only one allowed pair. Hence

F(N(p). N () 2 |(2,|¥,)| = F(p,0).

This proves the monotonicity of fidelity.

Proof using measurements

There is another proof that gives a very operational picture. Fidelity also has
a measurement characterization. If a POVM M)\ is applied to both states, it
produces classical probability distributions

py = Tr(M, p), qy = Tr(M,0).
The classical fidelity, or Bhattacharyya coefficient, is

B(p.q) =Y /Py

For quantum states, the root fidelity satisfies

F(p,o) = min ; \/ Tv(M, p) Tr(M,0).

Now let Bob measure the output states mathcal N(p) and mathcal N(o) with
an arbitrary POVM M)\. The outcome probabilities are

P, = Tr(MyN (p)), q, = Tr(M,N(0)).
Using the adjoint channel mathcal N~ 1, these can be rewritten as
p, = Tet(NT(My)p), ¢, = TrWT(M,)0).

Because mathcal N is trace preserving, mathcal N~ 1 is unital:

July 04, 2026 23:37 KST Page 4



TheoryTrace [QIT 002] State Distinguishability a...
Producing knowledge faster Monotonicity of Fidelity

Ni(Ig) = 14.

Because mathcal N is positive, mathcal N1 maps positive operators to
positive operators. Therefore

ﬂu = N1 (M)

is a POVM on the input system. Thus every measurement after the channel is
equivalent to some measurement before the channel.

The fidelity after the channel is the minimum classical overlap over output
measurements. But output measurements correspond only to a subset of all
possible input measurements. Minimizing over a smaller set cannot produce
a smaller value than minimizing over the full set. Therefore

F(N(p),N (o)) > F(p,0).

This proof makes the data-processing meaning transparent. Measuring after
a channel cannot reveal a smaller classical overlap than the best
measurement that could already have been performed before the channel.

Example: unitary channels preserve fidelity exactly

Let
U(p) = UpUT
for a unitary U. Then
F(UpUT, UcU") = F(p,0).
This follows immediately from the trace-norm formula:

VUpU = U, /pUT,

SO
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VUpUINUUt = U,/p\/aU?.

The trace norm is invariant under unitary conjugation, hence the fidelity is
unchanged.

Operationally, a unitary transformation is reversible. It may rotate the
coordinate system in which states are written, but it does not erase or create
distinguishability. Therefore the closeness between the two states is exactly
preserved.

Example: dephasing can increase fidelity

Consider the states

|0) + \1>q

0) — 1)
7 :

+) =

They are orthogonal, so
F(+){+],|-){=[) = 0.
Now apply the complete dephasing channel in the computational basis:
Az(p) = 10)(0[p[0){0] + [1){1|p[1)(1].

Both states become maximally mixed on the diagonal:

Az(4)(+) As(l-)-D) =7

:ET

Therefore

F (8D, Az(-H-0) = F (5.5 ) =1

The channel has erased exactly the phase information that distinguished |+)
from |-). The states were perfectly distinguishable before dephasing and
identical afterward. Fidelity increased from O to 1.
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This example captures the operational meaning of the theorem. Noise can
make states more alike.

Example: partial trace can increase fidelity

Consider two Bell states:

|00) + [11)
\/§ ¥

@) ap =

and

They are orthogonal pure states, so
F(|®T}@", |27 )@ [) =0.

Now discard system B. Both reduced states on A are

Tro(|12*)(@*)) = 7
and

Trp(1@ )@ ) = 5
Thus

F (Trp |®F) (@], Trp [0~ )(@7) = 1.

The two global states differ by a relative phase stored in the joint correlation
between A and B. If we keep only A, that difference disappears. Partial trace
is a quantum channel, so fidelity cannot decrease; here it increases
maximally.

Example: depolarizing noise
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For a qubit, define the depolarizing channel
Dp(p)=(1-plp+p;,  0<p<L
Take the two orthogonal states
p=10){0,  o=]1)(1].
Before the channel,
Elp.o)=10.

After the channel,

Dy(p) = (1 _Op/ ? p(/]g) ,

and

Dplo) = (P(/)Q 1 —Op/ 2) '

These states commute, so their fidelity is the classical Bhattacharyya
coefficient:

F(Dy(p), Dplo)) =24/ (1-2) L.

For p=0, this is 0, as expected. For p=1, both states become 1/2, and the
fidelity becomes 1. Depolarizing noise continuously pushes distinct states
toward the same maximally mixed state.

Example: amplitude damping

Amplitude damping with damping probability y has Kraus operators
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Eo = [0)(0] + v/T=711)(1],
and
Ey = v710)(1].
Apply this channel to
p=l0)0l, o=l
The ground state remains fixed:

A4 (10)(0[) = [0){0].

The excited state becomes
AL (I0(1]) = (1 = y)[1)(1] + v]0){0].

The fidelity between a pure state |0)(0| and a state T is

F([0)(0], 7) = +/(0[7]0).

Therefore
F(A,(10){0]), A, (I11)(1])) = v/7-

Before damping, the fidelity was 0. After damping, the states become less
distinguishable because the excited state has partially decayed into the
ground state. At y=1, both inputs end as |0), and the fidelity becomes 1.

Classical stochastic maps as a special case

Suppose p and o are diagonal in the same basis:

o= Zpi\l)(l\ o :ZQ¢‘I)<J‘
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Then

Fe.) = Y VBT
A classical stochastic map T(y|x) sends these distributions to
=> T@la)p., =) Tyl)g.
£ZT £
The quantum monotonicity theorem reduces to the classical inequality

S ypd 2> P
Y €T

Classical random processing cannot make two probability distributions less
overlapping. It can merge outcomes, add noise, or forget information. All of
these operations can only increase their classical overlap. The quantum
theorem is the noncommutative version of this fact.

Relation to trace distance and the Fuchs-van de Graaf
inequalities

The monotonicity of fidelity and the contractivity of trace distance are two
sides of the same data-processing principle. Trace distance is large when
states are easy to distinguish, so it decreases under channels:

D(N(p), N (o)) < D(p,0).
Fidelity is large when states are close, so it increases under channels:

F(N(p),N(o)) > F(p,0).

The Fuchs-van de Graaf inequalities connect the two quantities:

1 - F(p,0) < D(p,0) < /1— F(p,0)?
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Thus one can translate a fidelity guarantee into a trace-distance guarantee,
and vice versa. In applications, this is extremely useful. Fidelity is often
easier to prove using purifications and Uhlmann's theorem. Trace distance is
often easier to interpret operationally because it controls measurement
distinguishability.

Equality and strict increase

Equality holds for unitary channels and, more generally, for reversible
isometries. In those cases, no information is lost, so the fidelity is exactly
preserved.

The fidelity can strictly increase when the channel discards information that
helped distinguish the states. Dephasing can erase phase differences. Partial
trace can erase correlations. Depolarization can push states toward the
maximally mixed state. Amplitude damping can send different energy states
toward the same ground state.

A useful way to remember this is:
reversible processing preserves fidelity; irreversible processing may increase it.

The theorem says only that fidelity cannot go down. It does not say that it
must go up.

Common mistakes

A common mistake is to reverse the inequality. Fidelity is a closeness
measure, not a distinguishability measure. Therefore channels satisfy

F(N(p),N (o)) = F(p,0),

not the opposite.

A second mistake is to forget the convention. If fidelity is defined as the
squared quantity, the same monotonicity holds, but all formulas involving
Fuchs-van de Graaf inequalities and pure-state overlaps must be adjusted
accordingly.

A third mistake is to think monotonicity means noise always makes states
identical. Noise may increase fidelity, but it can also preserve fidelity for
some pairs of states. For example, dephasing preserves the fidelity between
|0) and |1), because those states are already perfectly distinguished in the
dephasing basis.
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A fourth mistake is to apply the theorem when different channels act on the
two states. The theorem assumes the same channel mathcal N is applied to
both p and o. If different maps are applied, distinguishability can be
artificially changed by the maps themselves.

Final mental image

Fidelity measures how close two quantum states are. A quantum channel is a
physical processing step applied equally to both states. Since every channel
can be represented by an isometric interaction with an environment followed
by discarding that environment, and since discarding information cannot
reveal a new difference between the states, the output states must be at least
as close as the input states:

F(N(p),N(0)) > F(p,0).
So the theorem can be remembered as follows:

quantum processing cannot reduce closeness.
Or, equivalently:

noise may hide distinctions, but it cannot create them.

This is why monotonicity of fidelity is a basic data-processing theorem in
quantum information. It makes fidelity stable under later physical operations,
which is exactly what one needs in quantum communication, error
correction, cryptography, and approximation theory.
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