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Helstrom Theorem

Formal statement

Let p and o be density operators on a finite-dimensional Hilbert space
mathcal H. Suppose a source prepares p with prior probability

p;
and prepares o with prior probability
g—1—1

The receiver is given one copy of the unknown state and may perform any
quantum measurement allowed by the POVM formalism. The task is to guess
which state was prepared while minimizing the probability of error, or
equivalently maximizing the probability of success.

Define the weighted difference operator
A = pp— qo.

The Helstrom theorem, also called the Holevo-Helstrom theorem in this form,
says that the optimal success probability is

opt __
Psucc T

(1+ |lpp—gol1)

b | =

and the optimal error probability is

Popt —

err

(1—|lpp—qol1) -

b | —

Here

IXl = TrvVXtX
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is the trace norm. Since A is Hermitian, \|A\|: is simply the sum of the
absolute values of the eigenvalues of A.

The optimal measurement is obtained from the spectral decomposition of
A = pp — qo.

Let IT+ be the projector onto the positive eigenspace of A, and let II- be the
projector onto the negative eigenspace. The Helstrom measurement guesses
p on the positive subspace and guesses 0 on the negative subspace. Any zero
eigenspace may be assigned arbitrarily, because it contributes equally to
both hypotheses.

Thus the theorem is not only a formula for the optimal probability. It also tells
us what measurement to perform.

The operational problem
The problem is a binary decision problem. Nature secretly chooses one of

two possible quantum states. The receiver is allowed to interrogate the state
with a measurement and must output one of two labels:

“it was p” or “it was o”.

Because the final decision has only two possible answers, no generality is lost
by using a two-outcome POVM. Even if the receiver first performs a
measurement with many outcomes, all outcomes that lead to the guess p can
be grouped into a single effect, and all outcomes that lead to the guess o can
be grouped into the other effect. Therefore the most general strategy can be
represented by a POVM

{A{,I — AM},
where
D<M < L.

The effect M means “guess p,” and the effect I-M means “guess 0.”

For this measurement, the success probability is
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Poee(M) =pTr(Mp) + qTr((I — M)o).

The first term is the probability that p was prepared and the measurement
led us to guess p. The second term is the probability that 0 was prepared and
the measurement led us to guess o.

Now expand the expression:

Poee(M) =pTr(Mp) +qTr(o) — qTr(Mo)
=q+ Tr(M(pp — qo0))
=g+ Tr(MA).

Thus the entire optimization problem becomes

g (¢ + Tr(MA)].

Since q is fixed, we only need to maximize
Tr(MA)

over all effects M satisfying 0= M= L

This is the key reduction. The Helstrom theorem is ultimately a spectral
theorem applied to the weighted evidence operator A.

Proof

Because A is Hermitian, it has a positive-negative decomposition. Write
A=A, —A_,

where A+=0, A-=0, and the supports of A+ and A- are orthogonal. Concretely,
if

A=) Xl
J
is the spectral decomposition of A, then
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Ap =) Ml

/\j>0

and

The trace norm is
1Al = Tr Ay + TrA_.
Now take any measurement effect M with
0<M<I
Then
Tr(MA) =Tr(MA,) — Tr(MA_).
Since M=0 and A-=0, the term
Tr(MA_)
is nonnegative. Therefore
Tr(MA) < Tr(MA,).
Since M= I, we also have
Tr(MA4) <TrA,.

Thus every possible measurement satisfies
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Tr(MA) < TrA,.
This upper bound is achievable. Choose
M =1L,
where I1+ is the projector onto the positive eigenspace of A. Then
eIl A = Tr/ .

So

ax Tr(MAN) =TrA..
e L A

Therefore

P.i‘_)pt =q —i_'TI'A_i_.

succ

We now rewrite this in trace-norm form. Since
A=A =N,
we have

Tr A =T, —TrA._.

Also,

1Al = Tr Ay + Tr A_.

Adding the two equations gives

|Allg + TeA=2TrA.,.
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Hence
1
TrA, =3 (JJAllL + Tr A).

But
TrA =Tr(pp—qo) =p— q,

because Trp=Tro=1. Therefore

. 1
PP =q+ 5 (1Al +p—9)

pryg 1
==+
4 Ly
1
=5 (L +lpp—gollr).
Since
P =1- B,
we obtain
Popt . 1 (1 — H — H
err T 3 pe=ddlit)-

This proves the theorem.

What the optimal measurement is doing

The operator
A=pp—qo

is the quantum analogue of a weighted likelihood difference. In a classical
binary decision problem, for each possible observation x, one compares

July 04, 2026 22:36 KST Page 6



TheoryTrace [QIT 002] State Distinguishability a...
Producing knowledge faster Helstrom Theorem

pP(z|p)
with
qP(z|o).

If the first number is larger, one guesses p. If the second number is larger,
one guesses 0.

In the quantum problem, there may be no single classical sample space in
which p and o are simultaneously diagonal. The theorem says to diagonalize
the operator

A =pp—qo

instead. Its positive eigenspace is the region of Hilbert space where the
weighted evidence favors p. Its negative eigenspace is the region where the
weighted evidence favors o.

The Helstrom measurement is therefore the quantum likelihood-ratio test. It
does not generally measure p or o directly. It measures the sign of their
weighted difference.

This is the operational mental image:
A>0 = guessp,
while

A<0 = guesso.

If A has a zero eigenspace, then the two hypotheses are exactly balanced
there, so any decision rule on that subspace is equally good.

Equal priors and trace distance

A particularly important special case is
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DP=q= —.
2
Then
1
A= _(p _ o')?
2
SO

1
1Al = 5llp = ol

The optimal success probability becomes

o 1 1
PR = 2+ 2o~ ol

succe 2

The trace distance between two states is usually defined as

1
D(p,0) = 5llp— alx.

Therefore

Popt _

succ

(1+ D(p,0)).

[ I

This gives the trace distance its most important operational meaning. Trace
distance is exactly the advantage, above random guessing, that the best
possible quantum measurement gives for distinguishing two equally likely
states.

If

D(p,o) =0,

then p=0, and the best success probability is 1/2. The states are
indistinguishable. If
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Dip, o) =1,

then the states have orthogonal support, and the best success probability is
1. They are perfectly distinguishable.

Example 1: identical states

Suppose

Then
A=pp—qp=(p—qp
Since p=0 and Trp=1,
IA[lL = |p—dl.

Thus

opt __
Psucc T

(1+ |p—q|) = max{p, q}.

D] =

This is exactly what should happen. If the two possible quantum states are
identical, no measurement can reveal which preparation occurred. The best
strategy is to ignore the system and always guess the more likely prior
hypothesis.

This example is important because it shows that state distinguishability

depends on both the states and the priors. If the states contain no
distinguishing information, the prior probabilities still matter.

Example 2: orthogonal pure states

Let

p=10)0], o =I[1)(1].
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These states have orthogonal support. The weighted difference is
A = p|0)(0] — gl1) (1]
Its eigenvalues are
P and —q.
Therefore
|IAli=p+q=1.

The theorem gives

opt __
succ L

The optimal measurement is the projective measurement in the basis

{10), 1)}

If the outcome is |0), guess p. If the outcome is |1), guess 0. This example
expresses the basic rule that orthogonal quantum states can be perfectly
distinguished in a single shot.

Example 3: commuting mixed states reduce to a classical
decision rule

Suppose p and 0 commute. Then they are simultaneously diagonalizable.
Write

p=) mliil, o= Z s:|i) (.

i

Then

A=Y (o — gs)liil.

(3
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The trace norm is
[Allr = Z lpr; — qsi-
i

Therefore

Popt _

succ

o] =

(1 + Z pri — gst) :
This can also be written as

opt __ 5
PR = E max{pr;, qs;}.
i

Indeed, for each classical outcome i, the best decision is to compare pri and
gsi. If pri= gsi, guess p. Otherwise, guess 0.

For example, take equal priors

bl =

i() — q —
and probability distributions
r = (0.8,0.2), 5= (0.3,0.7).

Then

1 1 1 1
Al = ‘5(0-8) = 5(0.3)‘ . ‘5(0.2) _ 5(0.7)‘ — 0.25+ 0.25 = 0.5.

Thus

Popt _

succ

(1+0.5) = 0.75.

b | =
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Operationally, this is just classical Bayesian hypothesis testing. The quantum
theorem becomes classical likelihood comparison when the two density
matrices commute.

Example 4: distinguishing |0) from |+)

Now consider two nonorthogonal pure qubit states with equal priors:
P:‘UNO‘: U:‘—E_)(_H

where

0) + 1)

=

The overlap is
!!
0[+)|* = =.
O = 5

For two pure states with priors p and q, the Helstrom formula simplifies to

1 . .
Por =5 (1+ VI= 2l (71T

With equal priors, this gives

1 1 1
PWP:—(l 1—1(0 2):— 14+ — ) ~0.8536.
siee = 5 (1+ V1 —[{0]+)] - ( + \/5) 0.8536

Thus a single copy of |0) and |[+) can be distinguished better than random
guessing, but not perfectly. The failure of perfect discrimination comes from
nonorthogonality.

Let us see the measurement. With equal priors,

1 1
= 5\0)<0\ - EH)(H-
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In the computational basis,

and

Therefore

=
I
o
N
] =
[
IS RS T
sERE

The eigenvalues are

and

1 1
+— —
V2 2v/2

The positive eigenvector is proportional to

oS g\(]) — sin E\1).

The negative eigenvector is the orthogonal direction. The optimal
measurement is not the computational-basis measurement and not the |+),|-)
measurement. It is the projective measurement halfway, in the correct
geometric sense, between the two hypotheses.

This example shows the operational content of the theorem. To distinguish
nonorthogonal states optimally, one does not measure in the basis of either
state alone. One measures the sign of the weighted difference operator.

Example 5: unequal priors can dominate the
measurement

Let
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but now suppose

p =079, g=0.1.

The pure-state formula gives

Popt o

succ

| =

(1 + \/1 _ 4(0.9)(0.1)%) .

Since
1
4(0.9)(0.1)5 = 0.18,
we get

1
peet — 5(1 +v/0.82) ~ 0.9528.

succ

If we ignored the quantum system and always guessed p, the success
probability would already be 0.9. The measurement improves this to about
0.9528. The theorem tells us exactly how much improvement the quantum
evidence can provide beyond the prior bias.

This example is useful because it prevents a common misunderstanding. The
optimal measurement is not determined only by the geometric separation
between p and o. It is determined by the weighted operator

pp — qo.

Large prior imbalance shifts the decision boundary.

Example 6: mixed states with overlapping support

Consider two qubit states diagonal in the same basis:
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_ (07 0 __ (04 0
P=\o o03) —\0 06/’

with equal priors. Then

1 015 0
A=glp=a) _( 0 —0.15)'

Thus

1A]]; = 0.30.

The optimal success probability is

Popt —

succ

(14 0.30) = 0.65.

bl =

The optimal measurement is the computational-basis measurement. If the
outcome is 0, guess p, because 0.7>0.4. If the outcome is 1, guess o, because
0.6>0.3.

This example shows how the theorem behaves for mixed states. The states
are not perfectly distinguishable because both assign nonzero probability to

both outcomes. The trace norm measures the net weighted separation of the
two statistical patterns.

How to use the theorem in practice

To apply the Helstrom theorem, one should proceed in a very concrete way.
First form the weighted evidence operator

A =pp—(1-p)o.

Second, diagonalize A. Third, build the POVM that projects onto the positive
and negative eigenspaces:

M,=1., M= — 1 =
Equivalently, one may use
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M,=1I.,  M,=I_+]II,

where Ilo projects onto the zero eigenspace. The assignment of Ilo is
arbitrary.

Fourth, compute the trace norm
1AL =D 1A,
J

where Aj are the eigenvalues of A. Then plug it into

Popt _

Succ

1+ 11All1)-

b =

In a laboratory interpretation, the theorem says that the optimal detector is a
projective measurement of the sign of A. In a mathematical proof, the
theorem is often used to replace an optimization over all binary POVMs by a
trace norm.

Relation to trace distance

For equal priors, the theorem says

Popt _

succ

(L+Dlp,o));

b =

where

1
D(p,o) = 5llp = ol

Therefore the trace distance has a direct operational meaning:

Dipo)=2E" — 1

succ
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It is the distinguishability advantage of the best possible measurement. This
is why trace distance is one of the central distance measures in quantum
information. It does not merely measure algebraic separation between two
matrices. It measures how much better one can do than random guessing in
a one-shot discrimination task.

This also explains why trace distance is contractive under quantum channels.
If a noisy process mathcal N is applied to both states before the
measurement, the receiver can always simulate any later measurement on
mathcal N(p) and mathcal N(o), but cannot gain information that was not
present before the channel. Thus physical processing cannot increase
optimal distinguishability.

Relation to POVMs and projective measurements

Although the optimization is over all POVMs, the optimal binary
measurement can be chosen to be projective. This is special to the two-state
minimume-error problem. The reason is that the optimization reduces to
choosing an effect M that maximizes

Tr(MA).

The best choice is the sharp projector onto the positive eigenspace of A.

For more than two states, there is generally no equally simple closed-form
solution. The optimal measurement for discriminating three or more states
may be a genuinely nonprojective POVM, and the problem is usually treated
using semidefinite programming or special symmetry arguments.

Thus the binary Helstrom theorem is unusually clean. It is the rare case
where the full quantum measurement optimization collapses to diagonalizing
a single Hermitian operator.

Common mistakes

A common mistake is to use

instead of

pp— (1—p)o.
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That is correct only for equal priors. With unequal priors, the priors change
the decision boundary and must be included inside the Helstrom operator.

Another common mistake is to think the optimal measurement must
distinguish the eigenbasis of p or the eigenbasis of 0. In general, it does
neither. It distinguishes the positive and negative eigenspaces of the
weighted difference operator

A = pp — qo.

A third mistake is to think that nonorthogonal pure states can be perfectly
distinguished by a clever measurement. They cannot. The Helstrom theorem
quantifies the best possible minimum-error strategy. It allows some
probability of error. This differs from unambiguous state discrimination,
where one allows an inconclusive outcome in exchange for never making a
wrong conclusive guess.

A fourth mistake is to forget that the theorem is a one-copy result. If many
identical copies are available, one can distinguish

p@-n

from

and the optimal error probability is governed asymptotically by other results,
such as the quantum Chernoff bound. The Helstrom theorem still applies for
each fixed n, but the operator becomes

pp®" — qo®",

Final mental image

The Helstrom theorem says that binary quantum state discrimination is
solved by one Hermitian operator:

A =pp—(1-p)o.
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The positive part of A is the region where the evidence favors p. The negative
part is the region where the evidence favors 0. The optimal measurement
asks which region the state falls into.

The trace norm
[P

measures the total imbalance between the two weighted hypotheses. If this
imbalance is zero, the state gives no useful evidence beyond the priors. If it is
one, the hypotheses are perfectly distinguishable. In between, the theorem
gives the exact optimal probability:

Popt _

succ

(1 + [[AflL)-

b =

Thus the theorem connects geometry, measurement, and decision theory. The
trace norm is not just a matrix norm; in this setting, it is the operational
distinguishability of quantum states.
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